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DEHN TWIST PRESENTATIONS OF HYPERELLIPTIC
PERIODIC DIFFEOMORPHISMS ON CLOSED SURFACES
NORIHISA TAKAHASHI AND HIRAKU NOZAWA
Abstract. We classify up to conjugacy the group generated by a commuting
pair of a periodic diffeomorphism and a hyperelliptic involution on an oriented
closed surface. This result can be viewed as a refinement of Ishizaka’s result on
classification of the mapping classes of hyperelliptic periodic diffeomorphisms.
As an application, we obtain the Dehn twist presentations of hyperelliptic
periodic mapping classes, which are closely related to the ones obtained by
Ishizaka.
1. Introduction
Periodic diffeomorphisms on closed surfaces have been studied being motivated
by the geometry of the mapping class group, Lefschetz fibrations and degenerating
families of Riemann surfaces. They are related to periodic mapping classes by so-
called Nielsen realization theorem [Ke83, Ni37]: Any finite group of the mapping
class group of an oriented closed surface Σg of genus g > 1 is lifted to an isomorphic
finite subgroup of a hyperbolic metric of the same period. Periodic diffeomorphisms
and periodic mapping classes on Σg are classified up to conjugacy in various cases
by using so-called the total valency (see e.g. [AI02, Hi10a, Hi10b, HK16, Is04a]).
Finite group actions on Σg have been studied from various viewpoints (see e.g.
[Br90, NN18]).
One of main problems is to determine periodic mapping classes which can be pre-
sented as a product of right-handed Dehn twists (see e.g. [Hi10a, BH71]). Ishizaka
[Is04b, Is07] classified hyperelliptic periodic diffeomorphisms and give their right-
handed Dehn twist presentations based on the resolution of singularities of families
of Riemann surfaces. Recall that an involution I on Σg is called hyperelliptic if it
fixes 2g+2 points (see Figure 1). Such involution is unique up to conjugacy, and has
the maximum number of fixed points among involutions on Σg. A diffeomorphism
on Σg is called hyperelliptic if it commutes with a hyperelliptic involution I. The
subgroup of Mod(Σg) generated by the mapping classes of all such diffeomorphisms
is a particular case of symmetric mapping class groups in the Birman-Hilden theory
[BH73].
Let us state the main result, which can be viewed as a refinement of Ishizaka’s
classification of conjugacy classes of hyperelliptic periodic diffeomorphisms ([Is07,
Lemma 1.3]). We will apply the main result to obtain Dehn twist presentations
of hyperelliptic periodic diffeomorphisms, which are closely related to the ones
obtained by Ishizaka ([Is07, Theorem 2.1]). In order to state the result, let us
present three examples of hyperelliptic periodic diffeomorphisms f1, f2 and f3.
Consider an oriented closed surface Σg of genus g obtained by identifying pairs of
the edges of the regular (8g + 4)-gon in Figures 2 as follows: Identify the pairs
of edges obtained from the pair marked with α by the clockwise 2kpi4g+2 -rotation for
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Figure 1. Hyperelliptic involution
k = 0, 1, . . . , 4g+1. We consider the standard orientation on Σg. Now f1 is defined
to be the periodic diffeomorphism induced by the clockwise 2pi4g+2 -rotation on the
(8g + 4)-gon. We define f2 and f3 in a way similar to f1 by taking a regular
8g-gon in Figure 3 and a regular (4g + 4)-gon in Figure 4 respectively in place of
the (8g + 4)-gon. A hyperelliptic involution which commutes with fi is given by
I = f
n/2
i , where n is the period of fi for i = 1 and 2. Finally, f3 is the periodic
diffeomorphism induced from the clockwise 2pi2g+2 -rotation on a regular (4g+ 4)-gon
in Figure 4. A hyperelliptic involution which commutes with f3 is a pi-rotation
of each fundamental domain of f3 as given in Figure 4. Let Gi = 〈fi, I〉 be the
subgroup of Diff+(Σg) generated by fi and I for i = 1, 2 and 3. The main result
of this article is as follows.
Theorem 1. With the above notations, for any periodic diffeomorphism f on
Σg which commutes with a hyperelliptic involution I, the subgroup G = 〈f, I〉 of
Diff+(Σg) generated by f and I is conjugate to a subgroup of either of G1, G2 or
G3.
The conjugacy class of f in this theorem was originally classified by Ishizaka’s
theorem based on resolutions of singularities of families of Riemann surfaces. Our
proof of Theorem 1 is elementary.
Let us consider Dehn twist presentations of periodic hyperelliptic mapping classes.
Here recall so-called Humphries generators of the mapping class group Mod(Σg),
which are Dehn twists along 2g + 1 curves C1, . . . , C2g+1 shown in Figure 5. We
denote by [φ] the conjugacy class of a mapping class φ. For a simple closed curve
C on Σg, we denote by the same symbol C the Dehn twist along the curve C.
Ishizaka obtained the following right-handed Dehn twist presentations of periodic
hyperelliptic mapping classes.
Theorem 2 ([Is07, Theorem 2.1]). The conjugacy class of the mapping class of
any hyperelliptic periodic diffeomorphism φ on Σg is equal to either of [φ
k
1 ], [φ
k
2 ],
[φk3 ] or [Iφ
2k
3 ] for some positive integer k, where I is the hyperelliptic involution,
and we have
(i) [φ1] = [C1C2 · · ·C2g],
(ii) [φ2] = [C1C2 · · ·C2gC2g],
(iii) [φ3] = [C1C2 · · ·C2gC2g+1],
where Ci are Humphries generators (Figure 5).
In [Is07], the mapping classes φ1, φ2 and φ3 are determined by the total valencies
(see Theorem 7).
By applying Theorem 1, we obtain the following Dehn twist presentations of
hyperelliptic periodic diffeomorphisms with an elementary argument. Let x ∈ Σg
be the barycenter of the polygon in each of Figures 2, 3 and 4, which is a fixed
point of fi for each i = 1, 2 and 3, respectively. Mod(Σg, x) is the pointed mapping
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Figure 2. G1-action on Σg:
f1 is the
2pi
4g+2 -rotation and I
is the pi-rotation
Figure 3. G2-action on Σg:
f1 is the
2pi
4g -rotation and I is
the pi-rotation
Figure 4. G3-action on Σg:
f3 is the
2pi
2g+2 -rotation and I is
an involution which rotates each
fundamental domain by pi
Figure 5. Humphries generators
class group of Σg with marked point x. In Section 3, we obtain the following Dehn
twist presentations of f1, f2 and f3 in Mod(Σg, x).
Theorem 3. Let Ai, Bi and Di be simple closed curves shown in Figures 6, 7 and
8, respectively. Then, we have
(i) (f1) = A1A2 · · ·A2g,
(ii) (f2) = B1B2gB2g−1 · · ·B1 and
(iii) (f3) = D1D2 · · ·D2g+1,
where (fi) is the pointed mapping class of fi for i = 1, 2 and 3.
Our Dehn twist presentations in Mod(Σg, x) is related to Ishizaka’s Dehn twist
presentations in Mod(Σg) via the forgetful map Mod(Σg, x)→ Mod(Σg).
2. Total valency of hyperelliptic periodic diffeomorphisms
Let us recall the classification of the conjugacy classes of periodic diffeomor-
phisms on Σg in terms of the total valency introduced in [AI02]. Let f ∈ Diff+(Σg)
be a periodic diffeomorphism of order n. Let F be the cyclic subgroup of Diff+(Σg)
generated by f . An F -orbit Fx is called multiple if |Fx| < |F |, where | · | denote the
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Figure 6. Curves Ai
on Σg in Fig. 2
Figure 7. Curves Bi
on Σg in Fig. 3
Figure 8. Curves Ci
on Σg in Fig. 4
cardinality. For a multiple orbit Fx, let λ = |Fx|, where Fx is the isotropy group of
x. Then, there uniquely exists ν ∈ {1, 2, . . . , λ− 1} such that the restriction of f to
a small neighborhood of x is the clockwise 2piνλ -rotation. For this integer ν, there
uniquely exists an integer θ ∈ {1, 2, . . . , λ− 1} such that νθ ≡ 1 mod λ. This θλ is
called the valency of Fx. Let θ1λ1 ,
θ2
λ2
, . . . , θsλs be the valencies of all multiple orbits
of f . The data [ g, n ; θ1λ1 +
θ2
λ2
+ · · · + θsλs ] is called the total valency of f . By the
following theorem, total valencies determine periodic diffeomorphisms on Σg up to
conjugation.
Theorem 4 (Nielsen [Ni37, Section 11], see also [AI02, Section 1.3], [Hi10a, Theo-
rem 2.1]). Let f, f ′ be periodic diffeomorphisms of Σg with total valencies [ g, n ; θ1λ1 +
θ2
λ2
+ · · ·+ θsλs ] and [ g, n′ ;
θ′1
λ′1
+
θ′2
λ′2
+ · · ·+ θ
′
s′
λ′
s′
], respectively. f is conjugate to f ′ if
and only if the following are satisfied:
(i) s = s′,
(ii) n = n′,
(iii) after changing indices, we have θiλi =
θ′i
λ′i
for i = 1, 2, . . . , s.
By Theorem 4, we identify the total valency of a periodic diffeomorphism with
its conjugacy class. We will use the following well-known observation of Nielsen.
Proposition 5 ([Ni37, Equation (4.6)]). The sum of valencies of all multiple orbits
of a periodic diffeomorphism on Σg is an integer.
Remark 6. Any multiple orbit of an involution is a fixed point whose valency is 12 .
Thus, by Proposition 5, the number of fixed points of an involution is even.
One can define powers of the total valency of a periodic diffeomorphism f by
the total valency of powers of f . Note that the composite of two periodic diffeo-
morphisms may not be periodic, and the product of total valencies does not make
sense in general.
A mapping class φ is called hyperelliptic if it commutes with the mapping class
of a hyperelliptic involution. A periodic hyperelliptic mapping class φ is lifted to a
periodic diffeomorphism of the same order which commutes with the hyperelliptic
involution by Kerckhoff’s theorem [Ke83, Theorem 5]. Ishizaka determined total
valencies of hyperelliptic periodic mapping classes.
Theorem 7 ([Is07, Lemma 1.3]). Let φ be a hyperelliptic periodic mapping class of
Σg and [φ] be its conjugacy class. Then, there exists a positive integer k such that
the conjugacy class of φ is equal to one of the followings:
(i) [φk1 ] = [ g, 4g + 2 ;
1
4g+2 +
g
2g+1 +
1
2 ]
k,
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(ii) [φk2 ] = [ g, 4g ;
1
4g +
2g−1
4g +
1
2 ]
k,
(iii) [φk3 ] = [ g, 2g + 2 ;
1
2g+2 +
1
2g+2 +
g
g+1 ]
k,
(iv) [Iφk3 ].
Let us prove Theorem 1. We also give an alternative proof of Theorem 7. First
we see the total valency of fi is equal to that of φi for i = 1, 2 and 3.
Lemma 8. We have
(1) [f1] = [ g, 4g + 2 ;
1
4g+2 +
g
2g+1 +
1
2 ],
(2) [f2] = [ g, 4g ;
1
4g +
2g−1
4g +
1
2 ],
(3) [f3] = [ g, 2g + 2 ;
1
2g+2 +
1
2g+2 +
g
g+1 ].
Here, we denote by [f ] the conjugacy class of a periodic diffeomorphism f , which is
identified with its total valency by Theorem 4.
Proof. We can compute the valency of each multiple orbit of fi by using Figures 2,
3 and 4. There are three multiple orbits of f1, which are the vertices of tetragonal
fundamental domains shown in Figure 2. Clearly the valency of the fixed point
at the barycenter of the (8g + 4)-gon is 14g+2 . One of the other multiple orbits is
of period 2g + 1, and hence its valency is 1/2. We can compute the valency of
the multiple orbit of f1 of period 2 as follows: Take a point y in the orbit, and
consider a loop which goes around the boundary of a small disk centered at y. The
fundamental domains appear along this loop in the order
1, 4g + 2, 2g + 1, 2g, 4g + 1, . . . , 2g + 4, 3, 2, 2g + 3, 2g + 2
(see Figure 9). The angle made by the fundamental domains marked with 1 and 3
is 2g−12g+12pi. Here, since we have
(2g − 1)g ≡ 2g2 − g ≡ −2g ≡ 1 mod 2g + 1,
the valency of this multiple orbit is g2g+1 . Similarly we can compute the total
valencies of f2 and f3. 
Figure 9
Take any commuting pair of a periodic diffeomorphism f and a hyperelliptic
involution I on Σg. Let f¯ be a periodic diffeomorphism of Σg/〈I〉 induced by f .
Let n = ord(f) and n¯ = ord(f¯). We have the following simple observation.
Lemma 9. (1) We have n = 2n¯ if and only if f
n
2 = I.
(2) We have n = n¯ if and only if f
n
2 6= I.
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(i) The middle orbit
consists of 2g cone points.
(ii) The middle orbit
consists of 2g + 1 cone
points.
(iii) The middle orbit
consists of 2g + 1 cone
points.
Figure 10
Proof. If n = 2n¯, then we have f¯
n
2 = idΣg/〈I〉. Note that the lifts of idΣg/〈I〉 to Σg
are I and idΣg . Therefore, since n 6= n¯ by assumption, it follows that f
n
2 = I. The
converse is obvious. Here (2) follows from (1) by taking the contraposition. 
Let S2(λ1, . . . , λs) denote a sphere with s cone points with indices λ1, λ2, . . . , λs.
Since Σg/〈I〉 is diffeomorphic to S2(2, 2, . . . , 2) with 2g + 2 cone points, it follows
that f¯ is a rotation which fixes two points on S2(2, 2, . . . , 2). Thus, the cardinality
of Fix(f¯) ∩ BI is equal to either of 0, 1 or 2, where BI is the set of cone points
of S2(2, 2, . . . , 2). If |Fix(f¯) ∩ BI | = i for i = 0, 1 and 2, then the set of other
2g+2− i cone points of S2(2, 2, . . . , 2) are divided into f¯ -orbits. Thus, f¯ is a power
of a periodic diffeomorphism h¯ of S2(2, 2, . . . , 2) whose period is 2g + 2 − i (see
Figure 10). Let h be a lift of h¯ to Σg. Here h commutes with I, and 〈f, I〉 is a
subgroup of 〈h, I〉. Therefore, by replacing f with h, it is sufficient to consider the
following three cases in order to prove Theorem 2:
(i) f¯ is the 2pi2g -rotation of S
2(2, 2, . . . , 2) and Σg/G ∼= S2(4g, 4g, 2),
(ii) f¯ is the 2pi2g+1 -rotation of S
2(2, 2, . . . , 2) and Σg/G ∼= S2(4g + 2, 2g + 1, 2),
(iii) f¯ is the 2pi2g+2 -rotation of S
2(2, 2, . . . , 2) and Σg/G ∼= S2(2g + 2, 2g + 2, 2).
First, we consider the cases (i) and (ii). Since G is cyclic in these cases as we
will see, it is easy to compute the total valency of f .
Lemma 10. (1) In the cases (i) and (ii), the group G is cyclic.
(2) In the case (i), the total valency of f is equal to the total valency of a power
of f2.
(3) In the case (ii), the total valency of f is equal to the total valency of a
power of f1.
Proof. Let us prove (1). In other words, we show that f
n
2 = I in the cases (i) and
(ii). Assume that we have f
n
2 6= I in the case (i). Since the isotropy group of any
point of Σg is cyclic, if Σg/G ∼= S2(4g, 4g, 2), then G must have an element of order
at least 4g. However, since n = n¯ = 2g by Lemma 9, we have G ∼= Z/(2g)Z⊕Z/2Z
and it is impossible. Similarly, we can show that G is cyclic in the case (ii).
Let us prove (2). Since G is cyclic by (1), the total valency of f is of the form
[ g, 4g ; θ14g +
θ2
4g +
1
2 ] for some integers θ1, θ2. By Nielsen’s condition (Proposition
5), we have that θ14g +
θ2
4g +
1
2 = m for some integer m. Since θ1 is an odd number,
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we have
θ2 = 4mg − 2g − θ1 ≡ (2g − 1)θ1 mod 4g.
By Lemma 8, the total valency of f is equal to the total valency of the θ1-th power
of f2.
We can prove (3) in a way similar to the proof of (2): Since G is cyclic by (1),
the total valency of f is of the form [ g, 4g+2 ; θ14g+2 +
θ2
2g+1 +
1
2 ]. By using Nielsen’s
condition as above, we can show that θ2 ≡ gθ1 mod 2g+1. By Lemma 8, the total
valency of f is equal to that of the θ1-th power of f1. 
Cororally 11. The map f
n/2
i is the unique hyperelliptic involution which com-
mutes with fi for i = 1 and 2.
Theorem 1 for the cases (i) and (ii) follows from Lemma 10 and Theorem 4.
Let us consider the case (iii). In this case, G is a direct sum of two cyclic groups
generated by f and I by Lemma 9. We can compute the total valency of f as
follows.
Lemma 12. In the case (iii), we have the following.
(1) We have n = 2g + 2.
(2) The map Σg/F → Σg/G is branched at two branch points of indices 2g+ 2
and 2, respectively. In particular, we have Σg/F ∼= S2(2g+2, 2g+2, g+1).
(3) The total valency of f is equal to the total valency of either fk3 or If
k
3 for
some integer k.
Proof. Let us prove (1). Since n¯ = 2g+ 2, we have either n = 2g+ 2 or n = 4g+ 4.
Assume that n = 4g + 4. Since G is cyclic by Lemma 9, the total valency of f is
of the form [ g, 4g + 4 ; θ12g+2 +
θ2
2g+2 +
1
2 ] for some integers θ1, θ2. It follows that
f2g+2 = idΣg , which contradicts with n = 4g + 4. Therefore, by contradiction, we
have n = 2g + 2.
Let us prove (2). By Nielsen’s theorem (see Remark 6), the double branched
covering Σg/F → Σg/G is branched at an even number of points. Since Σg/F →
Σg/G can be branched only at branch points of Σg → Σg/G, which consists of 3
points, it follows that Σg/F → Σg/G is branched at two points. Since the inverse
image in Σg of the branch point of index 2 on Σg/G is a principal orbit of f , we
see that Σg/F → Σg/G is branched at the branch point of Σg → Σg/G of branch
index 2. It follows that Σg/F → Σg/G is branched at two branch points of indices
2g+ 2 and 2, respectively. Thus, Σg/F is diffeomorphic to S
2(2g+ 2, 2g+ 2, g+ 1)
as an orbifold.
Let us prove (3). Let h = If if f interchanges two cone points of index 2g + 2,
and h = f otherwise. In both cases, h fixes two cone points of index 2g + 2. Then,
the total valency of h has the form [ g, 2g+ 2 ; θ12g+2 +
θ2
2g+2 +
θ3
g+1 ] for some integers
θ1, θ2 and θ3. Here, since I interchanges two cone points of index 2g + 2, we have
θ1 = θ2. Set k = θ1 = θ2. By Proposition 5, we have that
k
2g+2 +
k
2g+2 +
θ3
g+1 is an
integer. It follows that θ3 ≡ −k ≡ kg mod g + 1. By Lemma 8, the total valency
of h is equal to the total valency of the k-th power of f3. 
Lemma 13. Any hyperelliptic involution I ′ which commutes with f3 is conjugate
to I in Figure 4 by a conjugacy which commutes with f3.
Proof. Let G = G3 = 〈f3, I〉. Let G′ = 〈f3, I ′〉. By Lemma 12-(2), we have
Σg/G ∼= Σg/G′ ∼= S2(2g + 2, 2g + 2, g + 1). Among two cone points of Σg/G
(resp. Σg/G
′) of index 2g + 2, let y (resp. y′) be the point in the branched locus
of Σg/F → Σg/G (resp. Σg/F → Σg/G′). Then there exists a diffeomorphism
kG : Σg/G → Σg/G′ such that kG(y) = y′. We can lift kG to a diffeomorphism
kF : Σg/F → Σg/F . Since kF preserves the valency of each multiple orbit of
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f , we can lift kF to a diffeomorphism k : Σg → Σg. By construction, we have
kF ◦ I¯ = I¯ ′ ◦ kF , where I¯, I¯ ′ are diffeomorphisms of Σg/F induced by I, I ′,
respectively. Then we have k ◦ f = f ◦ k and k ◦ I = I ′ ◦ k, which concludes
the proof. 
Theorem 1 for the case (iii) follows from Lemmas 12 and 13.
Remark 14. We can see that If3 is conjugate to f
2g+1
3 by computing the total
valency of If3. In particular, if k is odd, then If
k
3 is conjugate to f
(2g+1)k
3 . It
means that we do not need to include Ifk3 in (iv) of Theorem 7 for odd k. Similarly
we can see that If23 is not conjugate to f
k
3 for any k by using the total valency.
3. Dehn twist presentations in the pointed mapping class group
In this section, we will obtain right-handed Dehn twist presentations of the
diffeomorphisms f1, f2 and f3 in the pointed mapping class group to prove Theorem
3 (see Figures 2, 3 and 4 for the diffeomorphisms f1, f2 and f3, respectively). For
the purpose, we use the standard Mod(Σg, x)-action on pi1(Σg, x), which is well
known to be faithful (see, e.g. [FM12, Chapter 8]).
Figure 11. A system
of generators of pi1(Σg)
for Σg in Fig. 2
Figure 12. A system
of generators of pi1(Σg)
for Σg in Fig. 3
Figure 13. A system
of generators of pi1(Σg)
for Σg in Fig. 4
Proposition 15. Take simple closed curves A1, A2, . . . , A2g+1 on Σg as in Figure
6. A product A1A2 · · ·A2g of Dehn twists and the pointed mapping class of f1 induce
the same automorphism of pi1(Σg, x).
Proof. Take β1, β2, . . . , β2g+1 ∈ pi1(Σg, x) as in Figure 11. It is easy to see that
pi1(Σg, x) is generated by these β1, β2, . . . , β2g+1. Since we have
β2g+1
g−1∏
i=0
β−12g−2iβ2g−2i−1 = 1,
it follows that pi1(Σg, x) is generated by β1, . . . , β2g. Here clearly we have f1(βi) =
βi+1 for i = 1, . . . , 2g. As shown in Figure 14, we can see that Ai (i = 1, 2, · · · , 2g+
1) acts on pi1(Σg, x) by
Ai+1(βi) = βi+1 (1 ≤ i ≤ 2g),
Aj(βi) = βi (j ≤ i− 1 or j ≥ i+ 2).
Thus, we have
A1A2 · · ·A2g(βi) = A1A2 · · ·AiAi+1(βi) = A1A2 · · ·Ai(βi+1) = βi+1
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for i = 1, . . . , 2g. Since the action of f1 on pi1(Σg, x) coincides with that of the
Dehn twist presentation A1A2 · · ·A2g, the proposition follows. 
Figure 14
Proposition 16. Take simple closed curves B1, B2, . . . , B2g on Σg as in Figure 7.
A product B1B2gB2g−1 · · ·B1 of Dehn twists and the pointed mapping class of f2
induce the same automorphism of pi1(Σg, x).
Proof. Take γ1, γ2, . . . , γ2g, δ1, δ2, . . . , δ2g ∈ pi1(Σg, x) as shown in Figure 12. It is
easy to see that pi1(Σg, x) is generated by these γ1, γ2, . . . , γ2g, δ1. Since we have
δ1 =
g−1∏
i=0
γ−12g−2iγ2g−2i−1,
it follows that pi1(Σg, x) is generated by γ1, . . . , γ2g. Here clearly we have
f2(γi) = γi+1 (i = 1, . . . , 2g − 1) and f2(γ2g) = γ−11 .
We can see that Bi (i = 1, 2, . . . , 2g) acts on pi1(Σg, x) by
Bi(δi) = γi (1 ≤ i ≤ 2g),
Bi(γi) = δi+1 (1 ≤ i ≤ 2g − 1),
B2g(γ2g) = δ
−1
1 ,
Bj(γi) = γi (i 6= j).
Thus, we have
B1B2gB2g−1 · · ·Bi · · ·B1(γi) = B1B2gB2g−1 · · ·Bi(γi)
= B1B2gB2g−1 · · ·Bi+1(δi+1)
= B1B2gB2g−1 · · ·Bi+2(γi+1) = γi+1,
for i = 1, . . . , 2g − 1 and
B1B2gB2g−1 · · ·B1(γ2g) = B1B2g(γ2g) = B1(δ−11 ) = γ−11 .
Therefore, since the action of f2 on pi1(Σg, x) coincides with that of the Dehn twist
presentation B1B2gB2g−1 · · ·B1, the proposition follows. 
Proposition 17. Take simple closed curves D1, D2, . . . , D2g+1 on Σg as in Figure
8. A product D1D2 · · ·D2g+1 of Dehn twists and the pointed mapping class of f2
induce the same automorphism of pi1(Σg, x)
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Proof. Take ε1, ε2, . . . , ε2g+1 ∈ pi1(Σg, x) on Σg as shown in Figure 13. It is easy to
see that pi1(Σg, x) is generated by these ε1, ε2, . . . , ε2g+2. Since we have
g∏
i=0
ε2g+2−2i =
g∏
i=0
ε2g+1−2i =
2g+1∏
i=0
ε2g+2−i = 1,
it follows that pi1(Σg, x) is generated by ε1, . . . , ε2g. Here clearly we have f3(εi) =
εi+1 for i = 1, . . . , 2g. We can see that Di (i = 1, 2, . . . , 2g + 1) acts on pi1(Σg, x)
by
Di(εi+1) = εi+1ε
−1
i (1 ≤ i ≤ 2g + 1),
Di+1(εi) = εi+1εi (1 ≤ i ≤ 2g + 1),
Dj(εi) = εi (| i− j |6= 1).
Thus, we have
D1D2 · · ·DiDi+1 · · ·D2g+1(εi) = D1D2 · · ·Di(εi+1εi)
= D1D2 · · ·Di−1(εi+1ε−1i εi)
= D1D2 · · ·Di−1(εi+1) = εi+1,
for i = 1, · · · 2g. Since the action of f3 on pi1(Σg, x) coincides with that of the Dehn
twist presentation D1D2 · · ·D2g+1, the proposition follows. 
Theorem 3 is a combination of Propositions 15, 16 and 17.
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